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Introduction



What is Isabelle?

Hanabusa Itcho: “Blind monks examining an elephant”
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History: LCF Prover Family

LCF: Logic + Meta Language (since 1979) iz
Edinburgh LCF
Cambridge LCF
HOL (since 1988) == &
ProofPower
HOL4
HOL-Light
HOL Zero
Coq (since 1985) 1
Coq 8.5 (January 2016)

Isabelle (since 1986) == ™ (1 &
Isabelle2016 (February 2016)
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Isabelle: framework of
domain-specific formal languages

Logic:
Isabelle/Pure: Logical framework and bootstrap environment
Isabelle/HOL: Theories and tools for applications

Programming:
Isabelle/ML: Tool implementation (Poly/ML)
Isabelle/Scala: System integration (JVM)

Proof:

Isabelle/lIsar: Intelligible semi-automated reasoning
Document preparation: IATEX type-setting of proof text
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Document preparation

Structure markup

e section headings: chapter, section, subsection, etc.

e text blocks: text

e implicit lists (cf. Markdown): itemize, enumerate, description
o free-form ETEX macros

Antiquotations

full form: e{name |options| arguments ...}
short form:

1. cartouche argument: \<“name>(arqument)
2. no argument: \<"name>

Example: >this document<
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Prover IDE: Isabelle/jEdit

eCce & Seq.thy

. . 0 Seq.thy (SISABELLE_ROOT/src/HOL/ex/) E isabelle E
Interaction section <Finite sequences> Bl %

: L

. Seq.thy
. Contl n uous e |theory Seq v sec:ﬁ:o;;i:i:e sequences -

. imports Main datatype "a seq = Empry | Seq '3 "3 s
checking begin S M

datatype 'a seq = Empt Seq 'a "'a seq"

°® para”el yp q pty | q q

. o |fun conc "'a seq = 'a seq = ‘'a seq"l
processing where

"conc Empty ys = ys"

"conc (Seq x xs) ys =

<

o |fun reverse constant "Seq.seq.Seq"
where ita =

"reverse tmpcy cmpcy

"reverse (Seq x xs) =

Seq x (conc xs ys)"

a seq = 'a seq

conc (reverse xs) (Seq x Empty)"

= |Lemma conc_empty: "conc xs Empty = xs"
L by (induct xs) simp_all

Proof state Auto update Update | Search: v 00% <

constants
conc "'a seq =
Found termination order:

'a seq = 'a seq"
"(Ap. size (fst p)) <*mlex*> {}"

B = OQutput

lemma conc_empty: “conc xs Empty = xs”
Lema conc_assoc: "conc (conc xs ys) 21
Lemia reverse_conc: “reverse fconc xs )

lemia reverse_reverss: "revarsa [revers

13,39 (200/789)
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Isabelle/ML: tool implementation language

e based on Poly/ML (David Matthews, Edinburgh)

e SML’'97: strict functional programming + exceptions

e SML'90: interrupts

e parallel evaluation via futures (implemented via Poly/ML threads)
e immutable data managed within logical context

e statically checked antiquotations

Example

ML (
fun conj 0 = @{term True}
| conj 1 = @{term A :: bool}
| conj n = @Q{term op AN} $ conj 1 $ conj (n — 1);
)
ML (writeln (Syntaz.string_of-term @{context} (conj 7)))
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Isabelle/ML: IDE

[ ] [ ] &| Examples.thy, factorial.sml

IE3E & 9¢ {00 @ o030 B @& © |€»

O Examples.thy (S$ISABELLE_ROOT/src/Tools /SML/) E = Examples
. . . . . src/HOL/ex/Seq.thy
The Isabelle/Isar command ii<SML_file> supports official Standard ML within sre/HOL/ex/ML.thy B
the Isabelle environment, with full support in the Prover IDE src/HOL/Unix/Unixthy | &
) . src/HOL/Isar_Examples/Drink
(Isabelle/jEdit). src/Tools/SML/Examples.thy I~
| | Release notes i
i i i i i | Tutorials 3
Here is a very basic example that defines the factorial function and [ Reference Manuals g
. | 7 0Old Manuals B
evaluates it for some arguments. 9 Original jFdit Documentation g
> || Haskabelle
SHL_file [factorial.sml"
O factorial.sml ($ISABELLE_ROOT/src/Tools/SML/) E
[jun factorial @ = 1
| factorial n = n * (n - 1);
] 3 Bl
factorial 10; ML: int -> int
factorial 100;
factorial 1000;
Proof state [ Auto update Update = Search: v 75% B
val factorial = fn: int -= int
val it = 3628800: int
val it =
93326215443944 152581 6592388562667004907 1 5968264381621 46859296389521 759995322991 5608941 46397615651 828625369
int
val it =
4023872600770937735437024339230039857 193748642107 1463254375991 042593851 23986290205520442084869694048004759
int
B ~ OQOutput
(sml,none,UTF-B8-lIsabelle) UG IEEEF495MB 4:36 PM

1,1(0/107)
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Isabelle/ML: debugger

[ JoN ] & Scratch.thy (modified)
IEBAE: S 4 e XD R@ "0 B & O |[¢»
M Scratch.thy (~/)

declare [[ML_debugger = true]l

ML <
fun factorial n =
if n =0 thensl
else ﬂ * factorial (n - 1)

L ctactortat 10 :

" | Break Continue Step Step over Step out Context: v ML: hd

Eval | SML Search: v 70% L

[ Threads . . val factorial = fn: int -> int

v E'wmgz‘;h; « val n = 3: int
factorial
factorial
factorial
factorial
factorial
factorial
factorial
factorial
factorial
factorial
7

B~ Debugger
15,10 (126/168) (isabelle,isabelle,UTF-§-Isabelle) UG B6/495MB  7:28 PM
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Isabelle/Scala: system programming language

e Standard Scala 2.11 (running on Java 8)

e |sabelle/Scala programming style imitates Isabelle/ML
e duplication of some libraries on both sides

e differentiation for system front-end technology

Scala ML
TCP/IP servers - — — JVM bridge
private
POSIX processes API o | protocol AP POSIX processes
«— § [ = +—
Java threads @ = ML threads
Scala futures - — ML futures
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“Programming” in Isabelle/HOL

Warning:
e Not every computer language is a programming language!
e HOL is classic set-theory — more than a programming language.

e HOL is based on total functions — less convenient than common
programming languages.

Quasi-programming in HOL.:
1. define conventional types: tuples, records, recursive datatypes
2. define recursive functions over types (with well-formedness proofs)

3. simulate computation via equational reasoning:
(a) term rewriting within the logic (Simplifier)
(b) symbolic normalization by evaluation (NBE)

(c) actual evaluation via code-generator:
HOL subset is translated to SML, OCaml, Scala, Haskell
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Examples

e $ISABELLE_HOME/src/HOL/ex/Seq.thy

export_code conc in SML
export_code conc in OCaml
export_code conc in Scala
export_code conc in Haskell

e Run Length Encoding: RLE. thy

e See also documentation prog—prove:
"Programming and Proving in Isabelle/HOL" (Tobias Nipkow)

Programs in Isabelle
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Proofs in Isabelle



Structured Proofs

Natural Deduction: (Gentzen 1935)

4]
A—sB A B
B A— B

Isabelle /Pure rules: (Paulson 1989)

(A— B) — A— B (A— B) — A — B

Isabelle/Isar proofs: (Wenzel 1999)

have A — B (proof) have A — B
also have A (proof) proof
finally have B . assume A
then show B (proof)
ged

Proofs in Isabelle
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Rules for predicate logic (1)

theorem impl: (A — B) — A — B
theorem mp: A — B — A — B

theorem alll: (Ax. Bx) = Vz. Bx
theorem spec: V. Brx — B a

theorem ex/: Ba =—> dz. Bz
theorem ezF: 32. Br — (Aa. Ba — () = C

theorem conjl: A =— B — AN B
theorem conjf: ANB— (A— B — C) = C

theorem disji1: A — AV B

theorem disjI2: B — AV B
theorem disjE: AV B— (A— () — (B = () = C

Proofs in Isabelle
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Rules for predicate logic (2)

theorem Truel: True
theorem FulselE': False —> C

theorem notl: (A = Fulse) — — A
theorem notk: - A — A — C

theorem iff[: (A =— B) — (B =—= A) — A +— B

theorem iffD1: A«+— B — A — B
theorem iffD2: A+— B — B — A

Proofs in Isabelle
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Examples

theorem curry: (AN B — C) — (A — B — C) (proof)

theorem iff_contradiction: = A +— A =— C (proof)

Proofs in Isabelle
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Example proof patterns: induction and calculation

theorem fixes n :: nat shows P n
proof (induct n)

case 0

show P 0 (proof)
next

case (Suc n)

then show P (Suc n) (proof)
ged

notepad

begin
have ¢ = b (proof)
also have ... = ¢ (proof)
also have ... = d (proof)
finally have ¢« = d .

end

Proofs in Isabelle

19



Example proof: induction x calculation

theorem

fixes n :: nat

shows (> i=0..n. i) =nx* (n + 1) div 2
proof (induct n)

case 0
have (> i=0..0. i) = (0::nat) by simp
also have ... =0 % (0 + 1) div 2 by simp
finally show ?case .

next

case (Suc n)
have (> i=0..Suc n. i) = (>_i=0..n. i) + (n + 1) by simp

alsohave ... =n x (n+ 1) div 2 4+ (n + 1) by (simp add: Suc.hyps)
alsohave ... =(n*x (n+ 1)+ 2 % (n 4+ 1)) div 2 by simp
also have ... = (Suc n * (Sucn + 1)) div 2 by simp
finally show ?case .
ged

Proofs in Isabelle
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Examples

e ““/src/HOL/Isar_Examples/First_Order_Logic.thy

e ““/src/HOL/Isar_Examples/Higher_ Order_Logic.thy
e "7 /src/HOL/Isar_Examples/Cantor.thy

e "7 /src/HOL/Isar_Examples/Schroeder_Bernstein.thy

Proofs in Isabelle
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Conclusion



Conclusion

Happy proving!

See you on http://afp.sf.net

The Archive of Formal Proofs
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